DEMUSKIN GROUPS, GALOIS MODULES, AND THE 
ELEMENTARY TYPE CONJECTURE 

JOHN LABUTE, NICOLE LEMIRE t , JAN MINAC*, AND JOHN SWALLOW 

Abstract. Let p be a prime and F(p) the maximal p-extension 
of a field F containing a primitive p-th root of unity. We give 
a new characterization of Demuskin groups among Galois groups 
Gal(F(p) / F) when p — 2, and, assuming the Elementary Type 
Conjecture, when p > 2 as well. This characterization is in terms 
of the structure, as Galois modules, of the Galois cohomology of 
index p subgroups of Gal(F(p)/F). 



Let p be a prime and F a field containing a primitive p-th root of 
unity £ p . The union F(p) of all finite Galois extensions L/F in a fixed 
algebraic closure of F with [L : F] a power of p is called the maximal 
p-extension of F. Consider G = GaA(F(p)/F). Observe that while 
every profinite group is a Galois group of some Galois extension |Wlj . 
the condition that G = Gal(F(p)/ F) is substantially more restrictive. 

We ask when G = Gal(F(p)/F) is a Demuskin group, that is, a 
finitely generated pro-p-group satisfying dim Fp if 2 (67, F p ) = 1 such that 
the cup product 

7f : H\G,W p ) x H\G,¥ P ) -> H 2 (G,¥ p ) 

is a nondegenerate bilinear form. (See |NSWl §111.9] and [$J §1.4.5 
and §11.5.6]. Others relax the requirement on finite generation, but in 
this article we consider only the finitely generated case.) Demuskin 
groups arise, for instance, as pro-p-completions of fundamental groups 
of compact surfaces T of genus g > 1 when T is orientable and g > 2 
when T is not orientable. If F is a finite extension of the field of p-adic 
numbers Q p and contains £ p , then G is Demuskin. 
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The study of Demuskin groups among Galois groups Gal(F{p)/F) 
is an important part of the program of classification of possible Galois 
groups of maximal p-extensions of fields, as these groups form an essen- 
tial part of the local theory of this project. In turn, the classification 
of possible Gal(F(p)/F) is one of the key problems in current Galois 
theory. This study is also crucial for the development of anabelian al- 
gebraic geometry over fields. (Sec [Ef3 , |Koj . and further references in 
these papers.) 

In this paper we detect whether G = Gal(F(p)/F) is a Demuskin 
group in terms of the Galois module structure of the Galois cohomology 
of index p subgroups of G. For such G, we establish a new characteriza- 
tion of Demuskin groups when p = 2. When p > 2 our characterization 
depends upon the Elementary Type Conjecture in the theory of Galois 
pro-p-groups. The close relationship of this characterization with the 
Elementary Type Conjecture offers a new approach to the Conjecture. 
(See Remark |21 in sectional) 

The surprising new insight contained in Theorem ^ below is that G 
is Demuskin if cd(G) = 2 and H 2 (N,¥ P ), with iV a subgroup of index 
p of G, does not grow "too fast." In fact a relatively mild condition on 
the growth of H 2 (N, ¥ p ) guarantees that dim Fp H 2 (N, F p ) = 1. 

In considering Galois cohomology groups as Galois modules, we could 
use the results of (LMSlj and [LMS2]. These results, however, depend 
upon recent, complex, partially published work of Rost-Voevodsky on 
the Bloch-Kato Conjecture. For the proof of the following theorem we 
use only the results in jMeSuj concerning the Bloch-Kato Conjecture 
in the case n = 2. 

Before formulating the main theorem we recall that if G is a finitely 
generated pro-p-group, any subgroup of index p is closed (HI §1-4.2, Ex. 
6], and that in a pro-p-group, any subgroup of index p is normal. Let 
if be a group and M be an ¥ p [H] -module. We say that M is a trivial 
Fp[/f]-module if for each r G H and m G M we have r(m) = m. 

Theorem 1. Let F be a field containing a primitive p-th root of unity, 
and suppose that G = Ga\(F(p)/F) is a finitely generated pro-p-group 
of cohomological dimension 2. Then for each subgroup N of G of in- 
dex p, the following conditions on the ¥ p [G /N]-module H 2 (N,¥ p ) are 
equivalent: 

(1) H 2 (N,¥ P ) has no nonzero free summand. 

(2) H 2 (N,¥ p ) is a trivial ¥ p [G /N}-module. 
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Now assume additionally that either p = 2 or p > 2 and the Elemen- 
tary Type Conjecture holds. (See the end of section^) 

Then G is Demuskin if and only if, for every subgroup N of G of 
index p, H 2 (N,¥ P ) has no nonzero free summand. 

We observe that the Elementary Type Conjecture has been estab- 
lished for some important classes of fields, including algebraic exten- 
sions F of Q with finitely generated G = Gal(F(p)/F). (See [ETT] 
and JEf2j.) For such fields Theorem ^ is a precise characterization. 
For additional information about the Elementary Type Conjecture see 
jMa2j . 

In |DuLa| Theorem 1] it was shown that a finitely generated pro-p- 
group G such that diniF p H 1 ^, ¥ p ) > 1 and dimF p H 2 (G, ¥ p ) = 1 is 
Demuskin if and only if H 2 (N,¥ P ) = ¥ p for all sub groups N of G of 
index p. Note that in Theorem ^ under the assumption that cd(G) = 2 
and, if p > 2, that the Elementary Type Conjecture holds, we do not 
require that H 2 (N,¥ P ) = ¥ p but instead only that H 2 (N,¥ p ) contains 
no nonzero free summand. In fact, we prove more than we claim in 
Theorem ^ Namely, from the proof of Theorem ^ it follows that we 
can replace the hypothesis cd(G) = 2 by two conditions which follow 
from it: first, that the corestriction map from H 2 (N,¥ p ) to H 2 (G,¥ p ) 
is surjective for all subgroups N of G of index p, and, second, that 
H 2 (G,¥ p ) is not zero. We use deep results from Galois cohomology in 
our proof, and it would be interesting to see whether these character- 
izations of Demuskin groups among groups Gal(F(p)/F) also hold in 
the category of pro-p-groups. 

The heart of our analysis is section where we determine the struc- 
ture of the ¥ p [G/N] -module H 2 (N,¥ p ) when N is a subgroup of G 
of index p and the corestriction map cor : H 2 (N,¥ p ) — > H 2 (G,¥ p ) is 
surjective. In particular, we show that H 2 (N, ¥ p ) = X © Y where X is 
trivial and Y is a free F p [G/iV]-module. Moreover, we characterize all 
such decompositions of H 2 (N,¥ P ). We believe that these results are 
of independent interest; for example, we obtain immediately from this 
structure some information on the size of H 2 (N, ¥ p ). (See the Corollary 
to Theorem El) 

Our approach uses p-quaternionic pairings, and we closely follow 
|Ku2j in the first two sections. Some of the basic concepts recalled here 
were introduced by Hwang and Jacob in |HJj . In the next sections we 
consider H 2 (G, F 2 ) when cup products are strongly regular, as well as 
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the Galois module structure of H 2 (N,¥ p ) for index p subgroups N of 
G when the corestriction is surjective. Then we prove Theorem Q and 
its Corollary. Finally, we close with a consideration of the F p [G/N]- 
module structure of the 1-cohomology groups if^iV, ¥ p ). 



1. p-QUATERNIONIC PAIRINGS 

We seek to understand the condition on the cup product in the defi- 
nition of Demuskin groups by considering such products in the context 
of p-quaternionic pairings and bilinear forms in general. 

Let if and Q be elementary abelian p-groups written multiplicatively 
and additively, respectively, and if p = 2 choose a distinguished element 
— 1 £ H, which may be trivial. Let 7 : if x H — > Q be a bilinear form. 
For a given element a G if, we define the group homomorphism 

7 a : if -> Q, 7 a (x) := 7(0, x), x e H, 

and we denote by Q(a) the value group j a (H) of 7 a . We also define 

iV(a) = A^ 7 (a) = ker 7a = {b e H \ 7(0,6) = 0} . 

We have H/N(a) = Q(a). 

The bilinear form 7 is called nondegenerate if Q(a) 7^ {0} for all 
a G #\{1}. If Q(a) = Q for all a G i?\{l}, then the bilinear mapping 
7 is called strongly regular. 

Observe that in the following definition of p-quaternionic pairing, the 
distinguished involution — 1 G H is necessarily 1 if p > 2. 

We say that (H,Q,^) is a p- quaternionic pairing if there exists a 
distinguished involution —leH such that: 

(1) Q is generated by the union [j aeH Q(a) of the value groups; 

(2) 7(0, a) = 7(0, —1) for all a G H; 

(3) if p = 2 then 7 satisfies the linkage condition: if for a,b,c,d G if 
we have that 7(0, 6) = 7(0, d), then there exists e G if such that 

7 (a, 6) = 7 (a, e) = 7(0, e) = 7(0, d); 



and 
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(4) for every n > 2, the M(n) condition holds: if for elements 
a±, a 2 , ■ ■ ■ , a n and b±, b 2 , ■ ■ ■ , b n of H with a 1; . . . , a n linearly in- 
dependent over F p , we have 

n 

^2j(ai,bi) = 0, 

i=l 

then there exist elements a n+ i, . . . , G H, with a 1; a 2 , . . . , a& 
linearly independent over F p and Xj u ...,j k G AT 7 (<xf ag 2 • • • ) 
such that 

&i — Y\. (zju-jkY* > i = l,...,fc, 
o<jij2,---,ifc<p-i 
where 6 n+1 , . . . , 6 fe = 1. 

(It is worth observing that from the bilinearity of 7 and condition (2), 
it follows that 7 is skew-symmetric if p > 2 and symmetric if p = 2.) 

A p-quaternionic pairing (H,Q,j) is said to be strongly regular if 7 
is strongly regular. A p-quaternionic pairing is said to be finite if H is 
finite. 

We consider several types of p-quaternionic pairings. 

The cup product 7^ of a field F. Let F denote a field containing £ p 
and let G = Gal(F(p)/F). The cup product pairing 

7 f : H\G,W P ) x H\G,W P ) -> // 2 (G,F P ) 

satisfies the M(n) conditions (see |Mel Proposition 4] and [MeSu, (11.5) 
Theorem]). In fact, the M{n) conditions are a translation of the 
condition for the splitting of a sum of n symbols in Milnor's k 2 F = 
K 2 F /pK 2 F to the language of p-quaternionic pairings. Observe that 
in |Ku2j the set of conditions M(n),n > 2, is a different condition than 
our condition (4), but the alteration of axiom (3) in |Ku2| p. 40] does 
not affect the results from |Ku2j that we use. Condition (1) also follows 
from |MeSu| (11.5) Theorem]. Condition (2) is true when the distin- 
guished involution (—1) G if 1 (G, F p ) corresponds to [—1] G F x / F xp 
via Kummer theory. The linkage condition in (3) is well-known. (See 
jEJ Chapter 3, Theorem 4.13].) 

Pairings of p-local type. A finite p-quaternionic pairing (H,Q,^) 
with Q a group of order p and 7 nondegenerate is said to be of p-local 
type. If G = GeA(F(p)/F) is a Demuskin group, then it follows from the 
definition that (if 1 (G, F p ), H 2 (G, ¥ p ), jp) is a p-quaternionic pairing of 
p-local type. 
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Strongly regular pairings. Suppose that (H, ¥ p , 7) is a p-quaternionic 
non-degenerate pairing. Observe that for each a G H \ {1}, the sub- 
group N(a) of H is of index p. Moreover, for a,6 6 il \ {1} we have 

N(a)N(b) ^ H <=> N(a) = N(b) <^=> (a) = (b). 

Hence such p-quaternionic pairings are strongly regular. Now suppose 
instead that Q = {0}. If we set 7(0,6) = for all a,b 6 H, then 
(H,Q,j) is a p-quaternionic pairing, called totally degenerate. Totally 
degenerate pairings are also strongly regular. 

Pairings of weakly p-local type. A p-quaternionic pairing with H = 
{1} is called trivial. Each trivial pairing is totally degenerate. We say 
that totally degenerate p-quaternionic pairings, as well as pairings of 
p-local type, are pairings of weakly p-local type. 

2. p-quaternionic pairings and the elementary type 

Conjecture 

For p > 2 we define the direct product and the group extension of 
p-quaternionic pairings and consider the Elementary Type Conjecture. 
Because we do not need it in Theorem d we do not consider the El- 
ementary Type Conjecture when p = 2. (See |Mal| Chap. 5] for the 
p = 2 case in the context of abstract Witt rings.) 

(A) Direct product. Let (Hi,Qi,ji), i = 1,2, be p-quaternionic pair- 
ings. Define H = Hi x H 2 , Q = Qi x Q 2 , and 

l([ai,a 2 },[b 1 ,b 2 }) = [71(01,61), 7 2 (a 2 , h)] , a u bi € H { . 

Then (H, Q, 7) is a p-quaternionic pairing called the direct product. 

(B) Group extension. Suppose that (H f , Q', 7') is a p-quaternionic 
pairing and let T be a nontrivial finite elementary abelian p-group. 
The group extension of (H', Q', 7') by T is the p-quaternionic pairing 
(H, Q, 7), where H = H' x T, Q = Q' x (H' ®T) x (T AT), and the 
pairing 7 : H x H — > Q is given by 

7([ai,*i], [a 2 ,t 2 ]) = [7 / (ai,a 2 ), ai<g>t 2 -a 2 <8>t 1 , tiAt 2 ]. 
Here ® denotes the tensor product over ¥ p and A the exterior product. 

For p > 2, we say a that a finite p-quaternionic pairing is of el- 
ementary type if it may be constructed from p-quaternionic pairings 
of weakly p-local type using the operations of (a) direct product and 
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(b) group extension by nontrivial elementary abelian p-groups. The El- 
ementary Type Conjecture for p > 2 is then as follows. (We note that 
there are several variants of the Elementary Type Conjecture which 
aim at the classification of finitely generated Gal(F(p)/F), contained 
in jM], P22|, US], jJWj, and jMaTl p. 123].) 

Elementary Type Conjecture for Odd p. Let p > 2 be a prime 
and F a field containing a primitive p-th root of unity. Suppose that 
G = Gdl(F(p)/F) is a finitely generated pro-p-group. Then the cup 
product pairing 7_f is of elementary type. 

Theorem 2 ( |Ku2| Corollary 5]). For p > 2, a p-quaternionic pairing 
of elementary type is not strongly regular unless it is of weakly p-local 
type. 

3. Strongly regular cup products and H 2 (G, F 2 ) 

For the proof of the following proposition we originally used stream- 
lined arguments from |FY| pp. 42-43]. Afterwards Kula sent us a 
nice simplification of the proof, using ideas in |Kul[ Proof of Propo- 
sition 2.16]. We are grateful to him for permitting us to adapt this 
simplification for use here. 

Proposition 1. Let F be a field of characteristic not 2, and suppose 
that G = Gal(F(2)/F) ^ {1} is a finitely generated pro-2-group with 
7i? nondegenerate and strongly regular. Then H 2 (G, F 2 ) = F 2 . 

Proof. Assume that the hypotheses of our proposition are valid, and 
denote by \A\ the cardinality of a set A. Because the statement is 
trivial in the case \H 1 (G, F 2 )| = 2, we assume without loss of generality 
that g := \H\G,¥ 2 )\ > 2. Denote h := \H 2 (G,¥ 2 )\ > 1, as 7 F is 
nondegenerate. Set ann(a) = {(b) G H 1 (G,¥ 2 ) \ (a) ■ (b) = 0}. Since 
(a) ■ H 1 (G,¥ 2 ) = H 1 (G,¥ 2 )/&nn(a), we see that 



We show now that for arbitrary distinct, nonzero elements (a), (b) G 
H\G,¥ 2 ), we have ann(a) + ann(6) = fl -1 (G t ,F 2 ). Let (x) G H 1 (G,¥ 2 ) 
be arbitrary. If q := (x) ■ (a) = 0, then (x) G ann(a). Assume there- 
fore that q 7^ 0. Using the surjectivity of the map ((a) + (6)) • — : 



ann(a) | 



H\G,¥ 2 )\ |^ 1 (G,F 2 )| g 



for all nonzero (a) G H 1 



\(a)-H\G,¥ 2 )\ \H 2 (G,¥ 2 )\ h 



cS 
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H 1 (G,W 2 ) — > H 2 (G, F 2 ) and the linkage property, we see that there 
exists (c) G H 1 (G,¥ 2 ) such that 

g = (o) • (x) = (a) • (c) = ((a) + (6)) • (c). 

Hence ((x) + (c)) • (a) = = (6) • (c) and therefore (x) + (c) G ann(a) 
and (c) G ann(6). Thus (x) = ((x) + (c)) + (c) G ann(a) + ann(6), as 
required. 

Let D be the set of nonzero elements in the dual space of H l (G, F 2 ). 
Similarly, for each nonzero element (a) G i? 1 (G ? , F 2 ), let _D( a ) be the set 
of all maps in D which are zero on ann(a). Because ann(a) + ann(6) = 
H 1 (G, F 2 ) for all pairs of distinct, nonzero elements (a) and (b), D 
contains the disjoint union of all _D( a ) in D. Since \D\ = g — 1 and 
\Df a )\ — h — 1 for each nonzero (a), we obtain (g — l)(h— 1) < (g — 1). 
Therefore h = 2. □ 

4. SURJECTIVE CORESTRICTIONS AND H 2 (N, F p ) 

In the following theorem we do not assume that G is finitely gener- 
ated. 

Theorem 3. Let F be a field containing a primitive p-th root of unity, 
and suppose that G = Gal(F(p)/F). Let N be a subgroup of G of index 
p, and suppose that the corestriction map cor : H 2 (N, F p ) — * H 2 (G, F p ) 
is surjective. Let a G F x be chosen so that the fixed field of N is 
F(tfa). Then the ¥ P [G/N] -module H 2 (N,¥ P ) decomposes as 

H 2 {N,¥ p ) = X ®Y 

where X is a trivial ¥ p [G/N]-module, Y is a free¥ p [G/N]-module, and 

(1) dim Fp X = dim Vp H 1 (G, F p )/ann(a) 

(2) rank Fp[G/iV] Y = dim Fp H 2 (G, F p )/(a) ■ H\G, ¥ p ) . 

After the proof, we characterize in Theorem 0] all decompositions of 
H 2 (N,¥ p ) into direct sums of trivial and free submodules. 

Observe that we have a natural sequence 

-> if 1 (C7,F p )/ann(a) -> H 2 (G,¥ P ) if 2 (G, F p ) / (a) ■ ff 1 (G, F p ) -> 0. 

Assume that d = dim Fp H 2 (G, F p ) < 00, and set 

x = dim Fp if 1 (G',F p )/ann(a), y = dim Fp F 2 (C7, F p )/(a) • H^CWp). 

Then d = x + y and we have the following corollary on the size of 
# 2 (iV,F p ): 
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Before the proof we need several intermediate results. We assume 
throughout this section that F is a field containing a primitive p-th root 
of unity £ p , G = Gdl(F(p)/F), N is a subgroup of G of index p with 
fixed field K = F(tfa), and a denotes a fixed generator of G/N with 
{fa 7 1 = £ p . For a field F, let GV denote its absolute Galois group. 

Observe that because 1 + a + h o v ~ x = (a — modulo p, the 

endomorphism (a — l) p_1 on H l (N,¥ p ) is identical to the composition 
res o cor. 

Proposition 2. 



(1) T/ie inflation maps inf : H l (G,¥ p ) — > H % {Gp ) ¥ p ) and inf : 

p)j * — 1)2, ore isomorphisms. More- 
over, the latter isomorphisms are ¥ P [G / N]-equivariant. 

(2) TTie kernel of the corestriction map cor : H 2 (N, ¥ p ) — ► H 2 (G, ¥ p ) 
is {a- l)H 2 {N,¥ p ) +resH 2 {G,¥ p ). 

(3) T/ie kernel of the restriction map res : H 2 (G,¥ P ) — ► H 2 (N,¥ p ) 
is (a) • H l (G, F p ) . 



Proof. (1). We prove first the statements for G and GV. Observe that 
since F contains a primitive p-th root of unity, -F(p) is closed under 
taking |?-th roots and hence if 1 (G j p( p ), F p ) = {0}. Therefore by (MeSu, 
Theorem 11.5] we see that H 2 {Gf( p )-,¥ p ) = {0} as well. Then, consid- 
ering the Lyndon- Hochschild-Serre spectral sequence associated to 1 — ► 
GV ( p) — > Gf — > G — > 1, we obtain that inf : ^(G,Fp) -> IP(G F ,W P ) 
is an isomorphism for each i = 1,2. The proof that inf : H l (N, F p ) — > 
H 1 (Gk,¥ p ), i = 1,2 are isomorphisms follows as above. The fact that 
these isomorphisms are F p [G/iV] -equivariant follows immediately from 
the explicit action of Fp[G/iV] on cochains. 

(2). By |MeSut Proposition 15.1], the kernel of the corestriction map 
cor : H 2 {G K ,¥ P ) -> i/ 2 (G F ,Fp) is (a- l)H 2 (G K , ¥ p ) +res // 2 (G F , F p ). 
Hence the second row is exact in the following commutative diagram. 
(Observe that a commutes with inf by (1), and the right-hand square 
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H 2 (N,¥ P )®H 2 (G,¥ P ) 

inf © inf 



O-i) 

© res 



(o-l) 
rr 1 OS 



H 2 (N,¥ p 



H 2 (G,¥ p 



inf 



inf 



H 2 (G F ,¥ P ) 



H (Gk, F p ) © tf 2 (C7 F , F p ) — tf 2 (C7 x , F p ) - 
The first row is therefore exact and we have our statement. 

(3). By |Mel Proposition 5] and |MeSul Theorem 11.5], the kernel of 
the restriction map res : H 2 (G F , ¥ p ) -> H 2 (G K , ¥ p ) is (a) • H\G F , F p ). 
A commutative diagram analogous to that of part (2) then gives our 
statement. □ 

Corollary. Suppose that the corestriction map cor : H 2 (N,¥ P ) — ► 
H 2 (G,¥ p ) is surjective. Then kercor = (er - 1)H 2 (N,¥ P ). 



Proof. By part (2) above, it is sufficient to show that res H 2 (G, ¥ p ) is 
a subset of (a - 1)H 2 (N, ¥ p ). Let a G H 2 (G, ¥ p ). By hypothesis, there 
exists (3 G H 2 (N,¥ p ) such that cor/3 = a. Recalling that res cor = 
(a - 1)p-\ we see that res a = (a - 1)^(3 G (a - 1)H 2 {N,¥ P ). □ 

Lemma 1. Suppose that the corestriction map cor : H 2 (N,¥ P ) — > 
H 2 (G, F p ) zs surjective. Then there exists a trivial ¥ p [G / N]-submodule 
X ofH 2 {N,¥ p ) such that 

cor : X -> (a) -^(^Fp) 

zs an isomorphism. In fact, cor(H 2 (N,¥ p ) G / N ) = (a) ■iJ 1 (C7,Fp). 



Proo/. Let J be an F p -basis for (a) ■ ff^G.Fp) C if 2 (G,Fp). For each 
(a) • (/) G Z we will define an element G H 2 (N,¥ p ) such that 
corx/ = (a) • (/) and (er — l)xf = 0. Then the F p -span X of 1/ will 
be our required module X. If p = 2, then we proceed as follows. By 
hypothesis there exists Xf G H 2 (N, F 2 ) such that corx/ = (a) • (/). 
Then 

(a — l)x/ = (er + l)x/ = rescorx/ = res((a) • (/)) = 0, 
and hence x f G H 2 (N, ¥ 2 ) G/N . 

Now suppose that p > 2. If res((£ p )-(/)) = then set Xf = (tfa)-(f). 
Observe that in this case Xf G H 2 (N, ¥ P ) G ^ N and by the projection for- 
mula |NSW[ Proposition 1.5.3iv], we have corxj = (a) •(/). Otherwise, 
by hypothesis there exists cv G H 2 (N,¥ p ) such that core* = (£ p ) • (/). 
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Let (3 = (cr — l) p ~ 2 a. From (cr — = res cor we obtain (cr — l)/3 = 

res((£ P ) • (/))• Now set x f := (^) ■ (/) - (3. Then 

(a - l)x, = res(fe) • (/)) - res(fe) • (/)) = 0, 

so Xf G H 2 (N,W p ) G / N . Observe that since the corestriction commutes 
with a [N5WI Proposition 1.5.4], cor vanishes on the image of a — 1. 
Hence cor/3 = 0. By the projection formula again, corxj = (a) • (/). 

Letting X be the F p -span of the elements Xf, we have the first state- 
ment of the lemma. 

For the second statement, let 7 G H 2 (N,¥ P ) G ^ N . Then res cor 7 = 
(a - l) p_1 7 = 0. By Proposition El part (3), 

cor 7 G kerres = (a) • H 1 (G, ¥ p ). 

Therefore cor (if 2 (JV, ¥ P ) G / N ) C (a) • if^Fp). The reverse inclusion 
follows from the first statement. □ 

Lemma 2. Suppose that the corestriction map cor : H 2 (N,¥ P ) — > 
H 2 (G, ¥ p ) is surjective. Then 

H 2 (N,¥ p f/ N n (cr - 1)H 2 (N,¥ P ) = (a - l^ff^iV, F p ). 
Proof. Since 

(a - lf^fi 2 ^, F p ) C H 2 (N, ¥ P ) G/N n (<r - l)/f 2 (iV, F p ), 

it is sufficient to prove the reverse inclusion. If p = 2 the reverse 
inclusion is true since (cr - 1)H 2 (N,¥ P ) C H 2 (N, ¥ P ) G/N . Therefore 
assume that p > 2. 

Let 

7 G H 2 (N,W P ) G / N n (cr - l)# 2 (iV,Fp). 

Since G (a — l) p ~ l H 2 (N, ¥ p ) we also assume that 7 7^ 0. Then 
7 = (cr — 1)/? for some (3 G H 2 (N,¥ p ). We shall show by induction on 
i, 2 < j < p, that there exists /3j G H 2 (N,¥ p ) such that 

(a - ly- 1 ^ = 7. 

Then for f} p we shall have 

(a - Vf-% = 7 G (a - l^ff^JV.Fp), 
which will prove our desired inclusion 

H 2 {N,W P ) G ' N n (a - l)# 2 (iV,Fp) C (a - l) p - 1 J fT 2 (AT,Fp). 
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If j = 2 we set @2 = (3. Assume now that 2 < j — 1 < p and that 
(a - ly^Pj^ = 7 for some /?,•_! G H 2 (N,¥ p ). Consider 5 = cor/^.i. 
Since 

(a - ly- 1 ^ = (a - 1) 7 = 
and (a — l) p ~ 1 = res cor, we obtain res cor (3j-\ = res 5 = 0. By Propo- 
sition H part (3), 5 = (a) • (/) for (/) G H\G,¥ P ). By Lemma □ there 
exists an element x G H 2 (N,¥ p ) G ^ N such that corx = (a) ■ (/). Let 

$-1 = #7-1 ~ X - 

From (a — l)x = and j > 2 we obtain 

(a - l)'" 2 /^ = (a - = 7- 

Moreover cor (3j_ l = 0. By the Corollary to Proposition |21 there exists 
(3j G H 2 (N,¥ p ) such that (a - l)/3j- = and hence 

(a - iy-% = {a- iy-%., = 7, 

as desired. □ 

Lemma 3. Let H be a cyclic group of order p generated by a , and let 
T be an ¥ p [H]-module. Suppose that a G T and (a — l) p_1 o; ^ 0. Then 
the ¥ p [H]-submodule (a) ofT generated by a is a free ¥ p [H]-module. 

Proof. Let S = ¥ P [H] and let / be any nonzero ideal of S. Let w^O 
be in /. Write 

p-i 

w = ^d{a k G {0,1,..., p- 1}, Ci G ¥ p , c k + 0. 

i=k 

Then also w(a - l)P- 1 ~ fc = c k (a - l)^ 1 G I, and hence (a - l)*" 1 G J. 

Now consider aims (a) = {s G S* | sa = 0}. If anns(a) ^ {0} then 
(a — l) p_1 G aims (a), contradicting our hypothesis. Hence anns(a) = 
{0} and we see that (a) is a free F p [if]-submodule of T. □ 

Proof of Theorem^ By Lemma H there exists a trivial Fp[G/iV] -sub- 
module X of H 2 (N,¥ P ) such that cor : X -> (a) • F^GjFp) is an 
isomorphism. Hence dimF p X = dimp^ F p )/ann(a). (Recall that 

ann(a) = {(6) G H\G,¥ P ) | (a) ■ (6) = 0}.) 

Furthermore, there exists a maximal free F p [G/iV]-submodule Y of 
H 2 (N, F p ), as follows. (F may be zero since we consider {0} to be a free 
F p [G/iV]-module.) First by [Lai §111.1, Proposition 1.4], an ¥ P [G/N}- 
module M is free precisely when H 2 (G/N, M) = {0}. Observe that the 
trace map 1 + a H h a^ 1 = (a - l)*" 1 in F p [G/iV]. Recall that for 
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any F p [G/iV]-module M we have H 2 (G/N, M) = M G ' N /{a - If^M. 
(See (La, 1.5].) Therefore M is a free ¥ p [G/N] -module if and only if 
M G/N = (a-iy^M. Let S denote the set of free F p [G/iV]-submodules 
of H 2 (N,¥ P ). Suppose T is a totally ordered subset of S, and let 
W = UserS. Then W is the inductive limit of S 6 T. Thus we have: 

H 2 (G/N, W) = H 2 {G/N, lim S) = lim H 2 {G/N, S) = {0}. 

ser seT 

Hence W is a free W p [G/N] -module. By Zorn's Lemma, S contains 
a maximal element Y. We then have Y G I N = (er — l) p_1 y. Since 
dim Fp W P [G/N] G / N = dim Fp (((x - l)*" 1 ) = 1, we obtain 

ranky = dim Fp Y G/N = dim ¥p (a - If^Y. 

Because free ¥ p [G/N] -modules are inject ive (see [Ul Theorem 11.2]) 
we may write H 2 (N,¥ P ) = Y © R for some F p [G/iV]-submodule of 
H 2 (N,¥ P ). We will show that R = X as F p [G/iV]-modules. 

We first show that R is a trivial ¥ P [G/N] -module. If there exists 
a e R with (a — l) p_1 a; ^ 0, by Lemma|3]we see that Y © (a) is a larger 
free F p [G/iV]-sub module, a contradiction. We obtain (a— l) p_1 i? = {0} 
and (a - If^Y = (a - iy~ l H 2 (N, ¥ p ). 

Because (a — = {0} there exists a minimal < I < p — 1 such 

that (d - l) l R = {0}. Suppose I > 1. Then 

{0} ^ (<j - l)'- 1 ,?? c H 2 (N,F p f/ N n (<r - l)# 2 (iV,F p ). 

By Lemma El 

{0} ^ (o- - l^i? c (a - lf-^iV, F p ) = (<r - l) p - x K 

But then {0} ^ (a - lf^R C Rn Y, a contradiction. Therefore / < 1 
and (a — l)R = {0}. Hence R is indeed a trivial F p [G/iV]-module. 

In fact, we claim that R n (a - l)# 2 (iV, F p ) = {0}. We have 

Rf](a -1)H 2 (N,¥ P ) C iJ 2 (iV,F p ) G/Ar n(o--l)F 2 (iV,F p ) 

= (a - lf- l H 2 {N, F p ) = {a- If^Y. 
From i? n Y = {0} we obtain R n (cr - l)# 2 (iV, F p ) = {0}. 

Now consider the image of cor on 

# 2 (iV, Fp)^ = i? © Y G ' N = R®{a- ^^(N, ¥ p ). 

Observe that since the corestriction commutes with a |NSWt Proposi- 
tion 1.5.4], cor vanishes on the image of a — 1. By Lemma we find 
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that cori? = (a) ■ H 1 (G,¥ p ) = coyX. But by the Corollary to Propo- 
sitionHand the fact that Rn(a — l)H 2 (N,¥ p ) = {0}, we deduce that 
cor acts injectively on R. Since, by Lemma ^ cor also acts injectively 
on X, we have that R = X. Hence we obtain that H 2 (N, ¥ p ) = X@Y. 

Now we determine the rank of Y. We have (a — l) p ~ l H 2 (N, ¥ p ) = 
(a — l) p_1 y, and hence 

ranky = dim ¥p (a - l) p - l H 2 (N,¥ p ). 

Using the hypothesis cor H 2 (N, ¥ p ) = H 2 (G, ¥ p ) together with res cor = 
(<r - l)^ 1 , we obtain that (cr - l^^N, ¥ p ) = resH 2 {G,¥ p ). By 
Proposition |21 part (3), the kernel of res is (a) ■ -f^ 1 (G, F p ). We deduce 
then that rank Y = dim Fp H 2 (G, ¥ p ) / (a) ■ H 1 (G, ¥ p ) . □ 

Theorem 4. Let F be a field containing a primitive p-th root of unity, 
and suppose that G = Gal(F(p)/F). Let N be a subgroup of G of index 
p, and suppose that the corestriction map cor : H 2 (N, ¥ p ) — > H 2 (G, ¥ p ) 
is surjective. 

Suppose that X and Y are ¥ P [G / N]-submodules of H 2 (N,¥ P ) such 
that X trivial and Y is free. Then cor X C (a) • ¥ p ) and the 

following are equivalent: 

(1) cor : X — > (a) • H 1 (G,¥ P ) is an isomorphism, and Y is a maxi- 
mal free submodule 

(2) H 2 (N,¥ P ) =X®Y. 

Proof. Since X is a trivial ¥ p [G/N] -module, res cor X = (cr — l) p ~ l X = 
{0}. By Proposition |21 part (3), corX C (a) • H\G,¥ p ). 

(1) (2). Suppose w G X nY. Since X is a trivial ¥ P [G/N}- 
module, w G Y G / N . Then because Y is a free ¥ P [G/N] -module, Y G I N = 
(a — l) p_1 y. In particular, w G (a — 1)Y. Since cor vanishes on the 
image of cr — 1, coru; = 0, and because cor is injective on X, w = 0. 
Hence the submodule of H 2 (G, ¥ p ) generated by X and Y is X © Y. 

Let R be a trivial F p [G/iV]-submodule of H 2 (N, ¥ p ) such that cor R = 
corX and H 2 (N,¥ p ) = R © Y, as in the proof of Theorem El Since 
(cr - 1)R = {0} we deduce that (a - lf^Y = (a - lf-^iV, F p ). 

To prove that X © Y = H 2 (N,¥ P ) it suffices to prove that R C 
X © Y. Let r G R. Then there exists x G X such that corr = corx. 
Thus u = r — x G H 2 (N,¥ p ) G ^ N and corw = 0. By the Corollary to 
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Proposition El we obtain that u G (a - 1)H 2 (N,¥ P ). Thus 

u G H 2 (N, ¥ p f /N n(a- 1)H 2 (N, ¥ p ), 
and so by Lemma 121 

ue{a- ly^H^N^p) = {a- If^Y. 
Hence r G X © Y as required and we have X © Y = H 2 (N, ¥ p ). 

(2) (1). By Lemma d cor(# 2 (X, Fp)^) = (a) ■ iZ^G.Fp). 
since Y is free, y G/7V = (a - l) p - x Y, and since cor vanishes on the 
image of a - 1, corY ^ = {0}. From H 2 (N,F P ) G / N = X © Y^ we 
deduce that cor : X — > (a) • H X {G : ¥ p ) is surjective. Now if x G X with 
cor x = then by the Corollary to Proposition EJ x G (cr — 1)H 2 (N, ¥ p ). 
Because X is trivial and X © Y = H 2 (N, ¥ p ), we see that 

x G (cr — 1)H 2 (N, F p ) n # 2 (X, Fp) G/JV 

= ((J - lf-^'^Fp) = (cr - l^Y 

by Lemma 121 Then x G X H Y , and so x = 0. Hence cor is injective on 
X and therefore cor : X — > (a) • -ff 1 (G, F p ) is an isomorphism. 

Finally we show that Y is a maximal free F p [G/X]-submodule. Sup- 
pose Y C T where T is a free Fp[G/X]-submodule of H 2 (N, ¥ p ). Then 
because Y is injective we can write T = Y©^ for some ¥ P [G/N] -module 
5. Then S is a projective ¥ p [G/N] -module, and since each projective 
¥ p [G/N] -module is free (see [C| Proof of Theorem 11.2, pp. 70-71]) we 
see that S is in fact a free F p [G/X]-submodule of T. Then we have 

res cor T = res cor Y © res cor S 

= (cr - ly^Y © (a - iy- l s. 

But since if 2 (X,F p ) = X © Y and X is a trivial F p [G/X]-submodule 
of H 2 (N,¥ p ) we see that 

rescor# 2 (X,Fp) = (a - l^H^N, ¥ p ) 

= (a - lf-V. 

Hence (cr — l) p_1 5' = {0}. Since S is free, S = {0}. Thus Y is indeed 
a maximal free F p [G/X]-submodule of H 2 (N, ¥ p ). □ 

5. Proof of Theorem [T] 

Let X be a subgroup of G of index p. Since G has cohomological 
dimension 2, the corestriction map cor : H 2 (N,¥ p ) — > H 2 (G,¥ p ) is 
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surjective jNSWl Proposition 3.3.8]. By Theorem El we have a decom- 
position H 2 (N, F p ) = X@Y, where X is a trivial ¥ p [G/N] -module and 
Y is a free ¥ p [G/N] -module. Hence H 2 (N,¥ p ) is trivial if and only if 
H 2 (N,¥ p ) contains no nonzero free submodule. We have established 
the first equivalence of the theorem. 

For the next assertion, observe that if G is a Demuskin group of 
cohomological dimension 2 and iV is a subgroup of G of index p, 
by |l)ubal Theorem 1], the F p [G/iV]-module H 2 (N,¥ p ) is a trivial 
F p [G/iV]-module. 

Conversely, by the definition of a Demuskin group, it suffices to show 
that dim Fp H 2 (G, ¥ p ) = 1 and 7^ is nondegenerate. Consider the de- 
composition H 2 (N, F p ) obtained above, for N an arbitrary subgroup of 
index p. Let a G F x be chosen so that the fixed field of N is F(tfa). 
Since we are assuming that H 2 (N,¥ P ) contains no nonzero free sum- 
mand, from Theorem El we obtain dim Fp H 2 (G, ¥ p ) / (a) • F p ) = 0, 

or (a) Fp) = H 2 (G, ¥ p ). Hence jp is strongly regular. Moreover, 

H 2 (N,¥ P ) has Fp-dimension 

dim Fp H\G,W p )/wm(a) = dim Fp ((a) • H\G,¥ P )) 

= dim Fp H 2 (G,¥ P ). 

Suppose that the pairing 7^ is degenerate. Then for some nonzero 
(a) G H\G,¥ P ) we have (a) • H\G,¥ p ) = {0}. Then H 2 (G,¥ P ) = 
{0}, contradicting the cohomological dimension of G. Hence 7^ is 
nondegenerate. Now if p = 2 we have H 2 (G, F 2 ) = F 2 by Proposition^ 
If p > 2 and we assume the Elementary Type Conjecture, then by 
Theorem El 7f is of p-local type and hence dim Fp H 2 (G, ¥ p ) = 1. 

Thus G is a Demuskin group as required. □ 

Remark 1. In the proof of Theorem^ we cited |DuLal Theorem 1] 
to establish that if G is Demuskin with cd(G) = 2, then H 2 (N,¥ P ) is 
a trivial ¥ p [G/N] -module. This result also follows from the fact that 
open subgroups of Demuskin groups G 7^ Z/2Z are also Demuskin 
Corollary 1.4.5]. We observe that we can also deduce this result in 
our setting when G = Gal(F(p)/F) from Theorem El as follows. By 
Theorem El H 2 (N,¥ P ) is the direct sum of a trivial Fp[G/iV]-module 
X and a free ¥ P [G/N] -module Y. Since G is Demuskin, 7^ is strongly 
regular. From Theorem Ef2), we have Y = {0}. Hence H 2 (N,¥ P ) is a 
trivial F p [G/iV]-module as required. More precisely, from TheoremEfl) 
and the fact that 7^ is strongly regular we obtain H 2 (N, ¥ p ) = X = ¥ p . 
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Remark 2. By Theorem the Elementary Type Conjecture for Odd 
p holds for a field F with a strongly regular non-totally degenerate p- 
quaternionic pairing 'jp if and only if G = Gal(F(p)/F) is Demuskin. 
Thus Theorem ^ may be viewed as a translation of the Elementary 
Type Conjecture to the language of Galois ¥ p [G/N] -modules H 2 (N, ¥ p ) 
in the case of strongly regular non-totally degenerate p-quaternionic 
pairings. There is some additional interest in this formulation because 
p-quaternionic pairings which are strongly regular but not weakly p- 
local have been abstractly constructed (see |Ku2| Theorem 9]), and it 
is not known whether these pairings are realizable as jp for suitable 
fields F. 

6. Structure of H\N,W p ) 

In this section we keep our assumption that a primitive p-th root 
of unity lies in F. For any finitely generated pro-p-group T we set 
d(T) = dim ¥p H\T,¥ P ). 

If G is a Demuskin pro-p-group then it is well-known that 

d(N) =p{d{G) -2) + 2 

for any subgroup N of index p of G. Moreover this formula charac- 
terizes Demuskin groups among finitely generated pro-p-groups G with 
dim ¥p H 2 (G,¥ P ) = 1. (See [PuLa] or jNSWl Theorem 3.9.15].) In this 
section we show that this formula has an attractive explanation when 
G = Gal(F(p)/ F). In the following theorem K is the fixed field in 
F(p) of the index p subgroup N of G. 

Theorem 5. Let F be a field containing a primitive p-th root of unity 
£ p , and suppose that G = Gal(F(p)/F) is a Demuskin group of rank 
d{G) = dim ¥p H\G,¥ p ) =n. 

If p > 2, then for each subgroup N of G of index p we have a decom- 
position into ¥ P [G / N]-modules 

H\N,W p ) = X @Y 

where X is an¥ p [G/N]-module of dimension 2 andY is a free¥ P [G / N]- 
module of rank n — 2. The module X is trivial if £ p e Nk/f{K x ) and 
is cyclic of dimension 2 otherwise. 

If p = 2 then for each subgroup N of G of index p we have one of 
two decompositions into ¥ 2 [G/N]-modules 

H l (N,¥ 2 )=X®Y or H 1 (N,¥ 2 )=Y. 
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The first case occurs when — 1 G Nk/f{K x ), and then X is trivial of 
dimension 2 and Y is free of rank n — 2. The second occurs when 
— 1 ^ Nk/f{K x ) , and then Y is free of rank n — 1. 

Proof. Observe that for N an index p subgroup of the Demuskin group 
G and K its fixed field in F(p), we have dim Fp F x /N K / F (K X ) = 1. 
Using equivariant Kummer theory, as explained in |W2j, to identify 
the first cohomology groups with their corresponding pth-power classes 
as ¥ p [G/N] -modules, the result then follows from the determination of 
the F p [G/iV]-module structure of K x /K xp in |MiSwl Theorem 3]. □ 
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